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Planted Erdős-Rényi graph alignment

(1) Draw G,G′ two graphs with same node set [n] s.t. for all {i, j} ∈
(

[n]
2

)
,(

1i∼j
G
,1i∼j
G′

)
=

 (1, 1) w.p. qs
(1, 0), (0, 1) w.p. q(1− s)
(0, 0) w.p. 1− q(2− s).
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Sparse setting: q = λ/n, correlation parameter s ∈ (0, 1).

(2) Relabel the vertices of G′with a uniform planted permutation π∗: H :=
G′ ◦ π∗.
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Goal: Upon observing G andH, find an estimator π̂ that recovers π∗ w.h.p.,
that is such that ov(π̂, π∗) :=

∑
1≤i≤n 1π̂(i)=π∗(i) is ≥ αn for some α > 0.

Local point of view: detecting correlation in trees
For i ∈ V (G), u ∈ V (H), look at the neighborhoods Ni and Nu at depth d:

• if u = π∗(i), (Ni,Nu) 'GW trees of offspring Poi(λ), with intersection
of offspring Poi(λs) (model P1,d);

• if u 6= π∗(i), (Ni,Nu) ' independent GW trees of offspring Poi(λ)
(model P0,d).

Hypothesis testing: Can we test P1,d versus P0,d? For two trees of depth d,
the likelihood ratio Ld(t, t′) := P1,d(t,t′)

P0,d(t,t′) verifies

Ld(t, t
′) =

c∧c′∑
k=0

ψ(k, c, c′)
∑

σ∈S(k,c)
σ′∈S(k,c′)

k∏
i=1

Ld−1(tσ(i), t
′
σ′(i)),

where ψ(k, c, c′) = eλs × sk s̄c+c
′−2k

λkk!
, and S(k, `) denotes the set of injective

mappings from [k] to [`].

One-sided tests: tests Td : Xd×Xd → {0, 1} such that P0,d(Td = 0) = 1−o(1)
and lim infd P1,d(Td = 1) > 0 (i.e. vanishing type I error and non vanishing
power).
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2.0
1.948
1.896
1.844
1.792
1.74
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0.906
0.854
0.802
0.75

estimated P1(Ld > 1e9), for d = 6

0.00

0.15

0.30

0.45

0.60

0.75

Estimated P1,d(Ld > 109) for d = 6 (green curve: λs = 1).

General result for hypothesis testing in trees
Theorem 1 (Correlation detection in trees). LetKLd := KL(P1,d‖P0,d) = E1,d [log(Ld)] .Then
the following propositions are equivalent:

(i) There exists a one-sided test for deciding P0,d versus P1,d,
(ii) lim

d→=∞
KLd = +∞ and λs > 1,

(iii) There exists (ad)d such that ad → ∞, P0,d(Ld > ad) → 0 and lim infd P1,d(Ld > ad) >
0.

(iv) Denoting P0 := P0,∞, the martingale (Ld)d (w.r.t. to P0) is not uniformly integrable.
(v) with probabilitya 1− pext(λs) > 0, Ld diverges to +∞ with rate Ω

(
exp

(
Ω(1)× (λs)d

))
.

aprobability that a Galton-Watson tree of offspring Poi(λs) survives.

A message-passing algorithm
Message passing:

mt+1
i→j,u→v =

di∧du−1∑
k=0

k!ψ(k, di − 1, du − 1)
∑

{`1,...`k}∈∂i\j
{w1,...wk}∈∂u\v

∑
σ∈Sk

k∏
a=1

mt
`a→i,wσ(a)→v.

(1)Aggregation:

mt
i,u =

di∧du∑
k=0

k!ψ(k, di, du)
∑

{`1,...`k}∈∂i
{w1,...wk}∈∂u

∑
σ∈Sk

k∏
a=1

mt
`a→i,wσ(a)→v. (2)

Edge score:

e(t) := match-edges(G,G′, πt, σt)

:=
1

|E|
∑

(i,j)∈E

1(πt(i),πt(j))∈E′ +
1

|E′|
∑

(u,v)∈E′
1(σt(u),σt(v))∈E . (3)

Algorithm 1: BPAlign
Input: Two connected graphs G = (V,E) and G′ = (V ′, E′), parameter d
and parameters of the correlated Erdős-Rényi model λ (average degree)
and s

for t ∈ {1, . . . , d} do
computemt

i→j,u→v thanks to (1)
computemt

i,u thanks to (2)
compute πt : V → V ′ as πt(i) = argmax(mt

i,·)
compute σt : V ′ → V as σt(u) = argmax(mt

·,u)
compute e(t) = match-edges(G,G′, πt, σt) thanks to (3)

end
t∗ = argmax(e(t))
Return πt

∗
, σt
∗
,mt∗

Overlap as a function of the parameter s for graphswith (initial) sizen = 200 for various values
of λ (parameter d = 15). Each point is the average of 10 simulations.
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Diagram of the (λ, s) regions where partial recovery is known to be IT-impossible ([GML21b]),
IT-feasible ([WXY21]), or easy ([GM20, GML21a]). In the orange region one-sided detectabil-
ity is impossible in the tree correlation detection problem, and partial graph alignment is con-
jectured to be hard ([GML21a]).
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